By using the determinant Quantum Monte Carlo method, the magnetic and pairing correlation of the NaxCoO2·yH2O system are studied within the Hubbard model on a bilayer triangular lattice. The temperature dependence of spin correlation function and pairing susceptibility with several kinds of symmetries at different electron fillings and inter layer coupling terms are investigated. It is found that the system shows an antiferromagnetic correlation around the half filling, and the f nwave pairing correlation dominates over other kinds of pairing symmetry in the low doping region. As the electron filling decreases away from the half filling, both the ferromagnetic correlation and the f -wave paring susceptibility are enhanced and tend to dominate. It is also shown that both the magnetic susceptibility and paring susceptibility decrease as the inter layer coupling increases.
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I. INTRODUCTION
Understanding the competition between various magnetic orders and pairing symmetries is a major challenge in superconductivity now. The discovery of superconductivity in the Na x CoO 2 · yH 2 O materials offer an appealing platform to investigate the interplay among pairing interactions, magnetic fluctuations, and electronic correlation 1 . Besides doped cuprates, cobaltates are another class of a layered 3d transition-metal oxide in which the superconductivity has been observed. The main difference between the two systems is that Co ions form a triangular lattice with magnetically frustrated geometry in contrast to the square lattice of the CuO 2 plane. In doped cuprates, it has been well established that the Cu 2+ moments are antiferromagnetically ordered in the CuO 2 plane, and with a low level of carrier (hole or electron) doping, the antiferromagnetism is suppressed drastically, and the system becomes metallic, followed by the appearance of superconductivity where the d x 2 −y 2 pairing symmetry dominates in the optimally doped region [2] [3] [4] [5] [6] . In general, the doping dependence of the pairing symmetry and the issue of quantum criticality must be considered under the premise of spatial homogeneity in the pairing potential. Results of some experiments suggest triplet pairing in cobaltates 7, 8 , while some other measurements have resulted in contradicting conclusions which indicate singlet pairing 9, 10 .
To investigate the superconducting mechanism of Na x CoO 2 · yH 2 O system, the triangular lattice has been extensively studied theoritically [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . In the Hubbard type model for this frustrated system, perturbation theory shows that d-wave and p-wave superconducting states are stable in hole doped region 21 , while the renormalization group approach suggests the d+id-wave pairing symmetry in the case with the antiferromagnetic exchange * txma@bnu.edu.cn interactions 15 . In the strong-coupling Hubbard model or in its strong coupling limits, the t-J model, mean field results again support the d + id-wave superconductivity near the half-filling [11] [12] [13] , which has been confirmed by the variational Monte Carlo study 22 , while in the low density region where the Fermi surface is detached, fwave pairing is proposed to be realized 12 . Then, the results obtained above are still actively debated because they are very sensitive to the approximation used, exact numerical results are highly desirable for they provide unbiased information and would serve as useful bench marks for analytical approach. Moreover, understanding of the magnetic order and pair symmetries of frustrated system are still missing. For example, the situation of the pairing symmetry in κ-(ET) 2 X is complicated owing to the existence of frustration 23 . In a frustrated quantum antiferromagnet, the introduction of doping with mobile charge carriers may result in the appearance of unconventional superconductivity 24 . Bilayer triangular lattice is an idea platform to study the interplay between magnetic fluctuation and pairing correlation in frustrated system.
Again similar to the doped cuprates, Na x CoO 2 ·yH 2 O are layered materials, where the distance and couplings between the two CoO 2 layers depend on the H 2 O molecules inserted [25] [26] [27] [28] , and the inter layer coupling term is also regarded as a key to understand the superconducting mechanism. Thus, in this paper, we study the magnetic and pairing correlation within the Hubbard model on a bilayer triangular lattice by using the determinant Quantum Monte Carlo simulations, which is a method that do not rely on uncontrolled approximations [29] [30] [31] [32] [33] . Numerical calculation reported here include results for a variety of band fillings, temperatures, pairing symmetries, and inter layer coupling terms. It is found that the system shows an antiferromagnetic correlation around the half filling, and the f n-wave pairing correlation dominates over other kinds of pairing symmetry in low doping region. As the electron filling decreases, both the ferromagnetic fluctuations and the f -wave paring susceptibil-ity are enhanced and tend to dominate. It is also shown that the magnetic correlation and paring susceptibility decreases as the inter layer coupling increases. These results indicate that the competition of ferromagnetic and antiferromagnetic fluctuations in different filling region is crucial on the pairing behavior, which could be understood from the shape of the density of state (DOS) distribution in bilayer triangular lattice.
II. MODEL
The sketch for the bilayer triangular lattice has been shown in Figs. 1 (a) and (b). As shown in Fig. 1(a) , the model for each layer is set on a triangular lattice with hexagonal shape. There are 2N sites on the diagonal, and the site number of this series of lattice is 3N
2 . This lattice setting reserves most geometric symmetries of the triangular lattice. Fig. 1(b) indicates the sketch for the interlayer hoping, and hence the total sites for such bilayer triangular lattice is 2×3N
2 . The case of N = 4 is shown here. The data points in the first Brillouin zone (BZ) include all the high symmetry points such as Γ, M, and K, are shown in Fig. 1 (c). For any atom, it has six nearest neighbor atoms in the same layer and three in the other layer, which could be described as
where c idσ (c † idσ ) annihilates (creates) electrons at the site R i in the d-th layer (d = 1, 2) with spin σ (σ =↑ , ↓) and n idσ = c † idσ c idσ . This system has intra layer nearest neighbor hopping t and inter layer hopping term t ′ , and these two layers have the same chemical potential µ, as well as the electron-electron Coulomb interaction U . The system was simulated using determinant quantum Monte Carlo at finite temperature, and our numerical calculations were mainly performed on a 2 × 48 (N=4), 2 × 75(N=5) and 2 × 108 (N=6) lattices with periodic boundary conditions. It is generally believed that magnetic excitation might play a fundamental role in the superconducting mechanism of electronic correlated systems. To study the magnetic properties, we define the spin susceptibility in the z direction at zero frequency,
where m id (τ ) = e Hτ m id (0)e −Hτ , m id = c † id↑ c id↑ − c † id↓ c id↓ , and N s represents the unit number of the lattice. To understand the superconductivity in Na x CoO 2 · yH 2 O materials, the behavior of pairing is one of key issues. The property of pairing could be governed by the pairing susceptibility at zero frequency, which is defined as
and
where α denotes the symmetry of the pairing function, i is the lattice site, l indicates the neighboring sites, and f α (l) is the site-dependent form factor of electron pairs. Considering the symmetry of the triangular lattice, possible form factors include the six types: The former three are singlet pairing and the latter two are triplet case. As the triangular lattice is isotropic, the d xy -wave and d x 2 −y 2 -wave are degenerate, and the same goes for the p x -wave and p y -wave, here, we denote them as the d-wave and p-wave respectively 17, 18 .
III. RESULTS AND DISCUSSION
By using the determinant Quantum Monte Carlo method, one author of us and his collaborators have studied the magnetic correlation of the bilayer triangular lattice on the basis of single-band Hubbard model, in which the ferromagnetic fluctuations near the van Hove singularities were reported 29 , and the doped region is 0.60 ∼ 0.85, which corresponding to the electron filling 0.40 ∼ 0.15 in current case. In Fig.3 , we present the spin susceptibility χ(q) in the electron filling region from < n >= 0.40 to 1.0, especially when the system is around the half filling with different inter layer coupling terms t ′ . Fig. 3 (a) shows χ(q) versus the momentum q at < n >= 1.0 (red line with circle), < n >= 0.8 (dark line with square), < n >= 0.6 (blue line with triangular) and < n >= 0.4 (pink line with diamond) for U = 3|t|, t ′ = 0.2t and T = |t|/6. At half filling, the peak of spin susceptibility is located at K point. When the system is doped away from the half filling, the peak of χ(q) moves to the Γ point. Here, χ(K) measures the antiferromagnetic correlation and χ(Γ) measures the ferromagnetic fluctuations. Hence, the antiferromagnetic correlations dominate around the half filling region and ferromagnetic fluctuation dominates in the low electron fillings. Fig. 3 (b) shows the χ(q) with different inter layer coupling terms t ′ at the half filling for U = 3.0|t| and T = |t|/6. One can see that the peak of the spin susceptibility χ(q) is located at K point, while χ(q) is suppressed as t ′ increases. Such suppression, as well as the competition between ferromagnetic and antiferromagnetic correlation, could be understood from the property of the DOS in bilayer triangular lattice. The DOS and band fillings with different t ′ have been shown in Fig. 4 as function of energy.One can see that, for the single-layer triangular lattice ( t ′ = 0 in current case), its DOS in the non-interacting case has one van Hove singularity as the system is 0.5 doped away from the half filling. As the inter layer coupling term t ′ is introduced, the Van Hove singularity in the DOS tends to move further away from the half filling. According to the itinerant electron ferromagnetic theory, the ferromagnetic fluctuations tend to the higher DOS on the Fermi surface, so ferromagnetic correlation dominates in low electron filling region. As a result, the spin correlation at Γ point is suppressed as the inter layer coupling term increases at half filling.
Regarding the ferromagnetic correlation and the antiferromagnetic fluctuation shown in Fig.3 at different electron fillings, the competition between them indicates that paring properties in such system may also be dependent on the electron fillings. Fig. 5 presents the temperature dependence of pairing susceptibility with different symmetries at (a) < n >= 0.4, (b) < n >= 0.6, (c) < n >= 0.8 and (d) < n >= 1.0 for U = 3|t| and t ′ = 0.2t. Basically, the behaviors of paring susceptibility with all kinds of symmetry do not change qualitatively in the major part of the temperature region we studied. In the low electron filling region, as that shown in Fig. 5 (a) and (b), it is clear to see that the spin triplet f -wave, p-wave and the spin singlet d-wave pairing susceptibilities keep growing; especially, the f wave grows fastest. The f n-wave and s-wave paring susceptibilities tend to saturate at < n >= 0.4. At < n >= 0.8, Fig.5 (c) shows the f n and f -wave paring susceptibility contest the "race" closely in the whole temperature region. As the electron filling increases up to the half filling, as that shown in Fig. 5 (d) , the f n-wave paring suscep- tibility tends to increase fastest, and the d-wave paring susceptibility also has a potential to increase faster than the f -wave paring susceptibility. However, due to the limitation of the numerical tool used here, we can not achieve arbitrarily low temperatures within the determinant Quantum Monte Carlo method, which experience the infamous fermion sign problem, and cases exponential growth in the variance of the computed results and hence an exponential growth in computer time as the lattice size is increased and the temperature is lowered. Basically, our numerical technology works well if the electron filling is not too close to the Van Hove singularity, and in the range of U/T ≤ 36, the error bar could be controlled within one percent for a 2 × 48 lattice.
Figs. 3 and 5 indicate that the competition of ferromagnetic and antiferromagnetic fluctuations in different filling region is crucial on the pairing behavior. Around half filling, the antiferromagnetic correlation dominates in the behavior of spin correlation, and the pairing susceptibility with f n-wave paring symmetry is the most favorable. As the system is doped away from half filling, the ferromagnetic correlation tends to dominate over the antiferromagnetic correlation, and it is interesting to see that the f -wave pairing is the most favorable at the ferromagnetic fluctuation dominating region, which is consistent with previous work done by Kumar and Shastry 12 . The temperature dependence of f -wave pairing susceptibility with different t ′ is presented in Fig. 6 (a) at < n >= 0.40 (solid lines) and < n >= 1.0 (dot lines). One can see that, the inter layer hopping has little in- fluence on the f -wave pairing susceptibility, whatever for < n >= 0.40 or < n >= 1.0. The t ′ -dependence of χ(q) for < n >= 0.4 are also shown in the inset of Fig. 6 (a) . The χ(Γ) is suppressed very slightly as the t ′ increases, which is consistent with the behavior of the pairing correlation. In Fig.6 (b) , the pairing susceptibility and spin susceptibility are shown on a 2×48 lattice, a 2×75 lattice and a 2×108 lattice for t ′ =0.2t, U = 3|t| and < n >= 0.4. Both the pairing susceptibility and spin susceptibility decrease slightly as the lattice size increases from 2 × 48 to 2 × 75, and results for 2 × 75 and 2 × 108 are almost the same within the error bar. Hence we may argue here that the pairing and spin susceptibility is almost independent of the lattice size. Fig. 5 shows that the f n-and f -wave pairings domi-nate for < n >>0.8 and < n ><0.8, respectively. The temperature dependence of f n-wave pairing susceptibility and d-wave pairing susceptibility with different t ′ are shown in Fig. 7 (a) and (b) at < n >= 1.00. At half filling, one can see that the paring susceptibility is suppressed slightly by the increasing t ′ . This suppression is consistent with the behavior of spin susceptibility shown in Fig.3 in which χ(q) is also suppressed as the inter layer hoping term increases.
IV. CONCLUSION
To make a summary, we have studied the magnetic and paring correlation of the single-band Hubbard model on a bilayer triangular lattice. We performed the determinant Quantum Monte Carlo simulations on the magnetic correlation and paring susceptibility for a variety of electron fillings, temperatures and pairing symmetries. Around half filling, where the peak of the spin structure factor is located at K point, the f n-wave pairing susceptibility dominates. As the electron filling decreases, the peak of spin correlation moves away from K, and finally locates at the Γ point 29 , which indicates the ferromagnetic fluctuation is stronger than the antiferromagnetic type when the electron filling is low enough. And the corresponding, the f -wave pairing susceptibility is enhanced and the f n-wave paring susceptibility is suppressed as the electron filling decreases, especially at low temperature. As a result, the f -wave pairing susceptibility dominates as the electron filling is lower than 0.8. Moreover, both the spin correlation and paring susceptibility are suppressed by the increasing inter layer coupling t ′ . Note that our calculations only give reliable results at T > t/6. Therefore it is not conclusive wether the triplet f -wave really diverges or not as T → 0. However, it would be important that there is a possibility of triplet superconductivity in the Hubbard model on a bilayer triangular lattice.
